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Quantization of systems with onstraints an be arried on with several methods. In the Dira
formulation the lassial generators of gauge transformations are required to annihilate physial
quantum states to ensure their gauge invariane. Carrying on BRST symmetry it is possible to
get a ondition on physial states whih, dierently from the Dira method, requires them to be
invariant under the BRST transformation. Employing this method for the ation of general relativity
expressed in terms of the spin onnetion and tetrad elds with path integral methods, we onstrut
the generator of BRST transformation assoiated with the underlying loal Lorentz symmetry of
the theory and write a physial state ondition following from BRST invariane. This derivation
grounds on the general results on the dependene of the eetive ation used in path integrals and
onsequently of Green's funtions on the gauge xing funtionals used in the DeWitt - Faddeev -
Popov method.
The ondition we gain diers form the one obtained within Ashtekar's anonial formulation, showing
how we reover the latter only by a suitable hoie of the gauge xing funtionals. We nally disuss
how it should be possible to obtain all the requested physial state onditions assoiated with all
the underlying gauge symmetries of the lassial theory using our approah.
PACS numbers: 04.60.-m, 03.70.+k
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I. INTRODUCTION
The problem of quantization of onstrained systems arises in many ontexts of physial interest. The presene of
onstraints at a lassial level avoids us to threat all the dynamial variables as independent ones, and entails several
diulties when we are to onstrut the quantum theory. In a program of anonial quantization whih promotes
all lassial anonial variables to quantum operators one has to deal with the problem of imposing the onstraints
quantum mehanially. In the proedure à la Dira [9℄ the onstraint operators are imposed to annihilate physial
states. This proedure stems from the observation that in the lassial theory the onstraint funtions are generators
of innitesimal anonial transformations whih don't alter the physial state of the system.
The Dira proedure is widely used in dierent ontexts, inluding quantization of general relativity [8, 24℄. Neverthe-
less this proedure of quantization enounters several diulties when we require the Dira's onditions on physial
states to be onsistent with eah other [9, 15℄ and the physial states seleted by onstraint operators to posses a
nite salar produt allowing a probabilisti interpretation [15, 27℄: moreover, in some ases this proedure an lead
to a physial subspae of the entire Hilbert spae that is uriously empty [15℄. Other diulties arise when one tries
to implement Dira's proedure, whih are not properly to asribe to Dira's theory for onstrained systems, but to
the anonial quantization framework this proedure is developed in. As a matter of fat, our experiene on quantum
eld theory in speial relativity showed us how anonial quantization methods, when applied to systems with innite
degrees of freedom, lead to several inonsistenies [17, 26℄: for example, it is a remarkable fat that the Glashow -
Weinberg - Salam theory for eletroweak interations annot be onsistently formulated by anonial quantization
methods, while the only way it an be oherently written by is the Feynman's path integral. Even if Feynman's
path integral an be derived after onstruting the quantum theory by means of anonial quantization methods [30℄,
suh inonsistenies make neessary to postulate the path integral approah as a founding element of the quantum
theory when we deal with systems with innite degrees of freedom [26℄. It is for these reasons that we developed all
of our work avoiding to use the Dira proedure for onstrained systems and anonial quantization methods at all,
employing a method to derive onditions on physial states based on BRST symmetry and path integral methods
uniquely.
BRST symmetry [5, 15, 28, 31℄ was oneived at rst within non-abelian gauge theories and showed to apply to a
really wide lass of systems of physial interest. Anyway in the literature there are dierent formulations for the BRST
2formalism, with substantial dierenes from eah other. First of all, there exists a formulation of BRST symmetry for
onstrained systems based on anonial quantization methods whih is widely diused [14, 15℄, being also employed
in quantization of general relativity [1℄. Another approah [31℄, the one we followed in this work, to derive BRST
symmetry is based entirely on path integral methods and is appliable to systems with innite degrees of freedom
avoiding those inonsistenies proper of anonial quantization methods we disussed above. The BRST method an
then be extended to general gauge systems with open algebras employing a more sophistiated threatment [2, 3, 4℄.
We start with an enlightening and more or less known example, onsidering BRST symmetry for a non-abelian gauge
theory. In order to ompare path integral methods with anonial quantization ones, one an [18℄ onsider the Nöether
harge following from BRST symmetry of the ation and, taking an appropriate hoie for the gauge xing funtionals
in the DeWitt - Faddeev - Popov method, show it to be the generator of quantum BRST transformation within a
anonial quantization framework. Otherwise, using solely path integral methods, we show the BRST Nöether harge
to generate quantum BRST transformation by means of Ward's identities, leaving the gauge xing funtionals om-
pletely arbitrary. Within this seond approah the ompletely arbitrary gauge xing funtionals allow us to infer a
physial state ondition on states of the gauge elds following from BRST invariane.
Afterwards we turn our attention to general relativity expressed in rst order formalism [22, 24℄, in order to inves-
tigate the physiality ondition for the states of the gravitational eld arising from BRST invariane of the theory,
following the same proedure employed for non-abelian gauge theories. In this proedure we will intentionally avoid
to use anonial quantization methods. We are to determine a physial state ondition on quantum states without
thinking of lassial hamiltonian onstraints in order to ompare, at the end of our alulation, our physiality on-
dition required by BRST symmetry and derived with path integral methods with the one obtained using the Dira
quantization method employed within Ashtekar's anonial formulation [24, 27℄. Comparing our physiality ondition
with the latter, we nd they dier by an additional non-vanishing term. Finally we disuss the nature and possible
reasons of this dierene, showing how we reover the Dira anonial ondition in our BRST quantization only by a
suitable hoie of gauge xing funtionals within the DeWitt - Faddeev - Popov method.
The paper is strutured as follows. In Se. II we disuss the BRST method in the general ase, next in Se. III we
apply it to non-abelian gauge theories: in III A we report the physial state ondition obtained within the Dira's
proedure that we will ompare in Setion III B with the one we gained with BRST symmetry. In Se. IV we apply
this tehnique to general relativity and, after reporting in Setion IVA the physial states' ondition we obtained with
the Dira's method, in Setion IVB we disuss the physial state ondition obtained for gravitational eld's states
with BRST symmetry. In Se. V we disuss the dierenes between this physiality ondition and the one's gained
with the Dira's proedure, showing how we an reover the latter only in a speial ase.
II. BRST SYMMETRY IN THE GENERAL CASE
Both general relativity expressed in rst order formalism and non-abelian gauge theories are systems possessing an
underlying symmetry under some innitesimal transformations ating on fundamental elds φr, whih an be written
as
φr → φr + ǫAδAφ
r
, (1)
leaving the ation I [φ] and integration measure
[dφ] ≡
∏
r
dφr (2)
invariant. Following a generalization of the DeWitt - Faddeev - Popov method [7, 10℄ it is possible to show [31℄ that
the vauum time-ordered produt for generi operators OA,OB, · · · invariant under (1) an be written as
〈0 |T (OAOB · · · )| 0〉 = (3)∫
[dφ] [dh] [dc∗] [dc] exp (iINEW [φ, h, c, c
∗])OAOB · · ·B [h]∫
[dφ] [dh] [dc∗] [dc] exp (iINEW [φ, h, c, c∗])B [h]
,
where the elds hA are known as `Nakanishi - Lautrup' elds [19, 21℄, cA, c∗A are ghost and anti-ghost elds respe-
tively, and B [h] is the Fourier transform of some funtionals B [f ] we derive from the DeWitt - Faddeev - Popov
theorem [31℄
B [f ] =
∫
[dh] exp
(
ihAfA
)
B [h]
3and INEW reads
INEW [φ, h, c, c
∗] ≡ I [φ] + hAfA [φ] + c
∗BcAδAfB [φ] (4)
for some arbitrary gauge xing funtionals fA [φ]. The new total ation INEW , depending on the funtionals fA [φ], is
not invariant under (1). In spite of this, it possesses a symmetry under an innitesimal BRST transformation, ating
on a generi funtional of the elds ψi =
{
φr, hA, cA, c∗A
}
as
F [ψ]→ F [ψ] + θsF [ψ] , (5)
where θ is an innitesimal Grassmann number and s is the Slavnov operator
s ≡ cAδAφ
r δL
δφr
−
1
2
cBcCfABC
δL
δcA
− hA
δL
δc∗A
,
where δL/δψi denotes the left dierentiation, dened by
δF [ψ] = δψi δLF [ψ] /δψi,
and the struture onstants fABC are given by
[δB, δC ] = f
A
BCδA. (6)
Suh a transformation ats on the Hilbert spae through a BRST harge Q suh that, given a generi funtional Φ [ψ],
its variation under a BRST transformation is given by
δθΦ [ψ] = −i [θQ,Φ [ψ]] . (7)
The ondition on physial states given by the BRST symmetry an be obtained as follows. If we onsider two physial
states |α〉 , |β〉, the amplitude 〈α| β〉 an be expressed [31℄ as a path integral evaluated with the ation INEW . This
amplitude must be independent [16, 29℄ on the gauge xing funtionals fA [φ] appearing in (4). This ondition implies
the invariane of physial states under BRST transformations
〈α|Q = Q |β〉 = 0 (8)
whih is the physiality ondition we were searhing for.
We want to stress that in this Setion we are dealing with gauge transformations with a losed algebra, as an be seen
by (6): in some theories of physial interest the algebra is open, and loses only when the eld equations are satised
[31℄. In suh theories it an be shown that the existene of some additional terms in (6) will make the operator s2
not to vanish any more, requiring a more sophistiated treatment: the generalization of the formalism presented in
this Setion to theories with open gauge symmetry algebras was performed by Batalin and Vilkovisky [2, 3, 4℄.
III. PHYSICAL STATE CONDITION FOR A NON-ABELIAN GAUGE THEORY
A. Phisiality ondition aording to Dira's method
It is well known that anonial quantization enounters some diulties when applied to non-abelian gauge theories
[20, 26, 30, 31℄ beause of the existene of hamiltonian onstraints. Anyway, employing the underlying gauge freedom
of the theory, anonial quantization an be performed [30℄. Here we report the physial state ondition for a non-
abelian gauge theory with ompat gauge group obtained within this anonial quantization framework employing
the Dira proedure, in order to ompare it with the one we will obtain in Setion III B. An analysis of the lassial
ation and implementation of Dira - Bergman's algorithm leads us to the following primary
φα(x) ≡ Π
0
α(x)
and seondary
φ˜α(x) ≡ −DaF
0aα(x) (9)
4rst lass onstraints [9, 32℄. If we hoose the temporal gauge [30℄
A α0 = 0 (10)
we are left with the hamiltonian variables
{
A αa (x),Π
a
α(x) = −F
0aα(x)
}
a,α,~x
satisfying the onstraint (9) holding on
the equations of motion. Following the Dira proedure, if we all nL the gauge group's Lie algebra's dimension, the
2nL∞
3
physial degrees of freedom are obtained quantizing the anonial onjugated variables {A αa (x),Π
a
α(x)}a,α,~x
and imposing (9)
DaF
0aα(x) |ψ〉 = 0. (11)
We observe that (11) is not aeted by operator ordering ambiguities beause the only term ontaining the produt
of two operators is f αγβ A
γ
a F
0aβ
where, beause of the struture onstants' antisymmetry in all of their three indies
ensured by gauge group's ompatness [12℄, are present only produts of A γa and F
0aβ
with γ 6= β whih, aording
to the equal time anonial ommutation relations[
A αa (x), F
0bβ(y)
]
= −iδ(3) (~x− ~y) δbaδ
αβ
,
ommute.
B. Phisiality ondition aording to BRST invariane
We are now to apply the BRST method to a non-abelian gauge theory, in order to get a ondition on physial states
following from (8) to ompare with (11). In this ase we have {φr}r =
{
A αµ (x)
}
µ,α,x
and I [φ] = S [A] where S [A]
is the Yang-Mills ation, and the transformations (1) are gauge transformations. Choosing the funtional B [h] suh
that
B[h] = exp
[
iξ
2
∫
d4xhα(x)hα(x)
]
,
we are to determine the BRST generator Q.
If we set
IMOD [ψ] ≡ INEW [ψ] +
ξ
2
∫
d4xhα(x)hα(x),
using the expliit form of the transformation (5) it is possible to show that the integration measure Dψ is invariant
under a generi loal BRST transformation where we take the Grassmann number θ to be a funtion of spae-time
oordinates x. Performing suh a hange of variable in the generating funtional Z [j] evaluated with the external
urrents ji(x), we get ∫
Dψ exp
{
iIMOD [ψ] + i
∫
d4xji(x)ψi(x)
}
=∫
Dψ exp
{
iIMOD
[
ψ + δθ(x)ψ
]
+ i
∫
d4xji(x)
[
ψi(x) + δθ(x)ψi(x)
]}
+
+O
(
θ2
)
.
Retaining only the linear terms in θ(x), the latter equation enables us to derive the relation
∂xµ 〈J
µ(x)〉j + 〈sψi(x)〉j µ
i(x) = 0, (12)
where
µi(x) ≡
{
ji(x) ψi(x) bosoni
−ji(x) ψi(x) fermioni
, (13)
σi ≡
{
1 ψi(x) bosoni
−1 ψi(x) fermioni
5and J µ is the Nöether urrent assoiated with the BRST symmetry for IMOD
δθ(x)IMOD [φ, h, c, c
∗] =
∫
d4xJ µ(x)∂xµθ.
By means of (12) we will derive all of Ward's identities, whih we will use to onstrut the BRST generator. If we
alulate the funtional derivatives of (12) with respet to the external urrents ji and proeed by indution we get
0 = ∂xµ 〈ψik (xk) · · ·ψi1 (x1)J
µ(x)〉j=0 − i
k∑
l=1
σi1 · · ·σil 〈ψik (xk) · · · (15)
· · ·ψil+1 (xl+1) sψil(x)ψil−1 (xl−1) · · ·ψi1 (x1)〉j=0δ
(4) (x− xl) .
Using (3) we assume the BRST urrent J µ to be onserved also quantum mehanially. This assumption does not
imply any partiular operator ordering for J µ beause the only relation we are assuming true to proeed with our
alulation is 〈
ψik (xk) · · ·ψi1 (x1) ∂
x
µJ
µ
〉
j=0
= 0, (16)
where the BRST urrent appears exlusively as inserted into a Green's funtion. As far as this Green's funtion an
be written as a path integral where the BRST urrent appear as a lassial quantity
〈
ψik (xk) · · ·ψi1 (x1) ∂
x
µJ
µ
〉
j=0
=
∫
Dψ eiIMOD [ψ]ψik (xk) · · ·ψi1 (x1) ∂
x
µJ
µ
,
the assumption (16) is not aeted by ordering ambiguities.
We an thus express (15) in terms of k-points Green's funtions by means of the general rule [6, 25℄ to take time
derivatives of time-ordered produts, i.e.
0 =
k∑
l=1
σi1 · · ·σil
〈
0
∣∣∣T{ψik (xk) · · ·ψil+1 (xl+1) [ [J 0(x), ψil (xl)]∓il + (17)
−iδ(3) (~x− ~xl) sψil(x)
]
ψil−1 (xl−1) · · ·ψi1 (x1)
}∣∣∣0〉δ (x0 − x0l ) .
It is easy to see that if one supposes there is one time oordinate x0j suh that x
0
j 6= x
0
l ∀ l 6= j, 1 ≤ l ≤ k, from (17)
follows
0 =
〈
0
∣∣∣T{ψik (xk) · · ·ψij+1 (xj+1) [ [J 0 (x0j , ~x) , ψij (xj)]∓ij + (18)
−iδ(3) (~x− ~xj) sψij
(
x0j , ~x
) ]
ψij−1 (xj−1) · · ·ψi1 (x1)
}∣∣∣0〉.
Thus we see that the k-points Green's funtion in (18) a priori does not vanish identially, beause it ould be not
zero if we take x0j equal to some other time oordinates x
0
l l 6= j, 1 ≤ l ≤ k, i.e. it ould have ontat terms. If these
ontat terms are absent we an proeed and say that the Green's funtion given in (18) vanishes identially. Thus,
as far as all the physial ontent of the theory is in the Green's funtions and as far as the operator[
J 0
(
x0j , ~x
)
, ψij (xj)
]
∓ij
− iδ(3) (~x− ~xj) sψij
(
x0j , ~x
)
gives a vanishing ontribution to a generi k-point Green funtion, we an proeed as if this operator vanishes[
J 0
(
x0j , ~x
)
, ψij (xj)
]
∓ij
− iδ(3) (~x− ~xj) sψij
(
x0j , ~x
)
= 0. (19)
Integrating (19) with respet to ~x we see that the harge Q assoiated with the BRST urrent J µ is the generator
of the BRST transformation on the Hilbert spae
[θQ, ψi(x)] = iδθψi(x),
and thus it oinides with the harge Q dened in (7).
Thus we have shown that the harge Q assoiated with the BRST Nöether urrent J µ is the generator of the BRST
transformation. We observe that this proof would lead to several diulties if we'd use the anonial quantization
6formalism. In fat it is easy to see that in suh a formalism more than one onjugate momenta to the elds ψi would
vanish identially, leading to diulties in imposing the anonial ommutation relations we need to alulate the
ommutator in (7).
We are now to derive a physial state ondition following from the BRST invariane ondition (8). Using the expliit
form for the ation IMOD and the denition of J µ as a Nöether urrent, it is easy to see that the BRST harge is
given by
Q =
∫
d3x
[
− cα(x)DaF
0aα(x) + terms depending on fα (x;φ)
]
.
Looking at the physiality ondition (8) and observing that the harge Q is the sum of two terms, where the seond
one, dierently from the rst, depends [16, 29℄ on the ompletely arbitrary gauge xing funtionals fA [φ], we see that
the rst term must separately annihilate physial states∫
d3xcα(x)DaF
0aα(x) |ψ〉 = 0.
Observing that the ghost elds are neessarily all independent [31℄ it is easy to see that the operator DaF
0aα(x) must
annihilate physial states, i. e.
DaF
0aα(x) |ψ〉 = 0. (20)
Thus the Gauss' onstraint operator annihilates physial states : this is the physiality ondition we were searhing for.
This result is stated in the literature [11℄, even if it's derived by a proedure dierent from the one followed here, and
is well veried in perturbation theory [26℄, yielding the transverse polarization states of the partiles assoiated with
the gauge elds. We emphasize that to obtain (20) we never used any expliit expression for the onstraints of the
theory, sine we avoided to employ the anonial quantization method nor the Dira proedure, using exlusively the
path integral and BRST quantization method. From this point of view we didn't impose the onstraints to annihilate
physial states as in the Dira method, but derived the Dira ondition for the Gauss' onstraint, employing exlusively
the BRST invariane of the theory.
A priori (20) is aeted by operator ordering ambiguities, sine we're not giving a presription on how to write the
produt of two eld operators appearing in (20) in order to deal with the divergenes of the elds. Therefore in the
following will assume a given fator ordering in (20). Anyway this assumption does not aet the main result of our
alulation: the onstraint (11) diers from (20) beause in Setion IIIA the eld A α0 has been set to zero in the
lassial theory, so F 0aα(x) in (20) has some additional terms with respet to F 0aα(x) in (11) whih are proportional
to A α0 . Employing the freedom to rearrange the produts of operators in (11) explained in Setion IIIA we realize
that the onstraint (11) of the anonial theory reprodues exatly the rst term in (20) not proportional to A α0 ,
whatever the fator ordering we xed in (20). Thus the onstraint obtained employing BRST invariane diers from
the one obtained with the Dira proedure by some additional terms proportional to A α0 . These terms, of ourse, will
need for an appropriate ordering presription, but their existene ensures that within the BRST method the anonial
theory's Gauss' onstraint does not annihilate physial states any more. This is the main result of this Setion whih
will nd a deep analogy with the one gained for general relativity exposed in the following.
IV. PHYSICAL STATE CONDITION FOR GENERAL RELATIVITY
A. Phisiality ondition aording to Dira's method
Following the same proedure showed in Setion III B for a non-abelian gauge theory, by a suitable gague hoie the
gravitational eld's ation an be ast in anonial form and Poisson brakets turned into anonial ommutators. As
a matter of fat, employing the gauge freedom to redene loally the tetrad elds eIµ [22, 24, 27℄, in this Subsetion
we will hoose the temporal gauge [23℄
eµ0 = n
µ
, (21)
analogous to (10). With this hoie the gravitational eld's ation an be ast into a Legendre's transform [24, 27℄,
and the anonial onjugated variables {Aai (x), E
a
i (x)}a,i,~x satisfy the anonial ommutation relations[
Aai (x), E
b
j (y)
]
= iδab δ
i
jδ
(3)(~x − ~y).
7Imposing the lassial seondary onstraint DaE
a
i (x) = 0 by the Dira proedure, we nd
DaE
a
i (x) |ψ〉 = 0, (22)
whih is the analogous of (11). Following the same argument of Setion III B we see that, beause of the antisymmetry
of SU(2)'s struture onstants, (22) is not aeted by operator ordering ambiguities.
B. Phisiality ondition aording to BRST invariane
In order to employ BRST symmetry for general relativity we onsider the Einstein - Hilbert ation expressed in
rst order formalism [22, 24℄. Here we point we used the tetrad variables instead of the metri tensor beause the
rst order formalism whih stems from the tetradi formulation makes lear the analogy between general relativity
and gauge theories, with the proper Lorentz group identied with the gauge group. By means of this identiation
we developed all of this Setion's alulations in analogy with those we made in Setion III for a non-abelian gauge
theory. The lagrangian dynamial variables are the tetrad eld eIµ and the spin onnetion ω
I
µJ and the ation reads
[22, 23℄
S−[e, ω] =
i
16πG
∫
d4xǫµνρσeIρeJσR[ω−]
IJ
µν .
Setting
{φr}r ≡
{{
eIµ(x)
}
I,µ,x
, {ωαµ(x)}α,µ,x
}
it is easy to see that the ation and measure are invariant under the innitesimal proper loal Lorentz transformations{
eIµ(x) → Λ
I
J (x)e
J
µ(x)
ωIµJ(x) → Λ
I
K(x)ω
K
µL(x)
[
Λ(x)−1
]L
J
−
[
∂µΛ
I
K(x)
] [
Λ(x)−1
]K
J
,
whih an be written in the form (1). The Nöether urrent J µ assoiated with the BRST symmetry for INEW is
now given by
δθ(x)INEW [φ, h, c, c
∗] =
∫
d4x
√
−g(x)J µ(x)∂µθ(x) (23)
and the BRST harge reads
Q ≡
∫
d3x
√
−g(x)J 0(x). (24)
It is easy to show that, using (23) and the expression for the innitesimal variation of ωIµJ under loal gauge trans-
formations, the BRST harge an be expressed in terms of the Ashtekar onnetion Aia aording to
Q =
∫
d3x
{
−
i
8πG
[
ǫ ljk c−
j
(x)Aka(x)− ∂
x
a c−
l
(x)
]
eIb(x)eJc(x)ǫ
abc × (25)
×T−IJl + terms depending on f
α (x;φ)
}
where T−IJk are the generators of the self-dual part of so(3, 1;C). As we expeted on general grounds [16, 29℄, the
BRST harge depends on the gauge xing funtionals used in the DeWitt - Faddeev - Popov method.
We are now to show that the Nöether harge Q in the quantum theory oinides with the BRST generator dened in
(7). To do this we will again make use of path integral methods and employ Ward's identities. Setting
{ψi(x)}i ≡
{{
eIµ(x)
}
I,µ
, {ωαµ(x)}α,µ , {hα(x)}α , {cα(x)}α , {c
∗
α(x)}α
}
,
8and using (13), (14) we an show the integration measure Dψ to be still invariant under innitesimal loal BRST
transformations, so that we get the following identity holding for the generating funtional∫
Dψ exp
{
iINEW [ψ] + i
∫
d4xji(x)ψi(x)
}
= (26)∫
Dψ exp
{
iINEW
[
ψ + δθ(x)ψ
]
+ i
∫
d4xji(x)
[
ψi(x) +
+δθ(x)ψi(x)
]}
+O
(
θ2
)
.
Here we want to omment on the meaning and denition of the integration measure Dψ ≡
∏
i,x dψi(x) given by (2):
in this ase Dψ is dened just as in Setion III, whih is the usual way to dene the eld integration measure in speial
relativisti quantum eld theory by a suitable partition of the oordinate domain R4 into a disrete set of points.
This denition has been also employed for gravitational eld's path integrals in previous works [13℄ and, even though
borrowed from a speial relativisti ontext, an be arried on even with a non vanishing gravitational eld, sine it
employs only the existene of a given oordinate system {xµ}µ on the spaetime manifold M, whih an be always
introdued. In partiular, the statement that the measure Dψ is ill-dened if we are dealing with a non vanishing
gravitational eld beause in this ase the intervals ds2, and onsequently the spaetime's lattie struture, depends
on the onguration of the metri gµν is not orret, sine the denition we gave for Dψ employs a spaetime lattie
struture independent on the metri onguration and given in terms a suitable partition the oordinates' domain
only.
From (26) we get the following relation generating all of Ward's identities
∂µ
〈√
−g(x)J µ(x)
〉
j
+ 〈sψi(x)〉j µ
i(x) = 0.
Aording to (1), to reprodue k-points Green's funtions we have to onsider a path integral involving the weighting
funtionals B[h]. Proeeding by indution it is possible to show that the following relation holds ∀k ≥ 0
∂xµ
〈
B [h]ψik (xk) · · ·ψi1 (x1)
√
−g(x)J µ(x)
〉
j=0
+
−i
k∑
l=1
σi1 · · ·σil
〈
B [h]ψik (xk) · · ·ψil+1 (xl+1) sψil(x)ψil−1 (xl−1) · · ·
· · ·ψi1 (x1)
〉
j=0
δ(4) (x− xl) = 0.
Following the same arguments of Setion II and hoosing
B [h] = exp
(
i
2ξ
hAhA
)
,
we obtain the following identity for the Green's funtions
k∑
l=1
σi1 · · ·σil
〈
0
∣∣∣∣∣T
{
ψik (xk) · · ·ψil+1 (xl+1)× (27)
×
[ [√
−g(x)J 0(x), ψil (xl)
]
∓il
∣∣∣∣
x0=x0
l
− iδ(3) (~x− ~xl) sψil(x)
]
×
×ψil−1 (xl−1) · · ·ψi1 (x1)
}∣∣∣∣∣0
〉
δ
(
x0 − x0l
)
= 0.
To avoid onfusion, here we omment on the meaning and denition of the T produt in (27), following an argument
similar to the one we used above to omment on the eld integration measure's denition. The temporal ordering
used in (27) and in the following is the straight generalization of the temporal ordering used in speial relativisti
quantum eld theory to dene Green's funtions: the operators O(x1), · · · ,O(xn) are ordered by means of the time
oordinate x0 referred to a given oordinate system on the spaetime manifold M. This denition an be arried on
also in general relativity, sine it refers only to a given oordinate system {xµ}µ on M, whih is always possible to
9introdue. In partiular, the statement that the T produt given in (17) is ill-dened when we are dealing with a non
vanishing gravitational eld beause in this ase the time intervals, depending on the metri gµν , are not uniquely
given is not orret, beause the T produt we are dealing with in not referred to the metri onguration in any way
and employs spaetime time oordinates only.
Proeeding as in Setion III, if ontat terms are absent and the BRST urrent is onserved in the quantum theory,
following the same arguments given in Setion (III B) to justify the absene of operator ordering assumptions following
from BRST urrent's onservation, we an use the general rule for the time derivative of a time ordered produt
expressed in terms of equal-times (anti)ommutators and say that the Green's funtion in (27) vanishes identially〈
0
∣∣∣∣∣T
{
ψik (xk) · · ·ψij+1 (xj+1)
[ [√
−g(x)J 0(x), ψij (xj)
]
∓ij
∣∣∣∣
x0=x0
j
+ (28)
−iδ(3) (~x− ~xj) sψij (x
0
j , ~x)
]
ψij−1 (xj−1) · · ·ψi1 (x1)
}∣∣∣∣∣0
〉
= 0.
As far as all the physial ontent of the theory is in the Green's funtions, we arrive at the onlusion that the operator
in square brakets in (28) vanishes identially, whih shows that the Nöether harge Q dened in (24) generates the
BRST transformation in the Hilbert spae.
Using the expression (25) and the physiality ondition (8) we see that, as far as the gauge xing funtionals fα are
ompletely arbitrary, the ondition (8) an be satised only if∫
d3xc−
j
(x)Da
[
eIb(x)eJc(x)ǫ
abcT−IJj
]
|ψ〉 = 0 (29)
where Da is the SU(2) ovariant derivative. Being the ghost elds all independent, (29) leads to
Da
[
eIb(x)eJc(x)ǫ
abcT−IJj
]
|ψ〉 = 0 (30)
whih is the physiality ondition we were searhing for. To ompare (30) with the usual physiality ondition given
by Gauss' onstraint used in Ashtekar's anonial formulation, we use the expliit expression for the generators T−IJk
and ast (30) into the following nal form
Da
[
Eaj (x) + iejb(x)e0c(x)ǫ
abc
]
|ψ〉 = 0. (31)
As observed for (11), (31) is aeted by operator ordering ambiguities, and we are assuming a given ordering. Anyway,
as observed in Setion IIIA, this fator ordering problem does not aet our main statement. As a matter of fat,
employing the freedom to rearrange operator produts in (22) explained in Setion IVA, we see that the onstraint
(22) derived within Dira's proedure oinides exatly with the rst addend in (31). Thus, even if we are not givin
any presription to manage the ordering of the additional term iDa
[
ejb(x)e0c(x)ǫ
abc
]
in (31), we showed that within
the BRST method the usual Gauss' onstraint obtained with the Dira's proedure does not annihilate physial states
any more. This must be onsidered the main result of this paper. Reasons and onsequenes of this dierene with
the Dira's formulation will be disussed in the following.
V. DISCUSSION AND CONCLUSIONS
We employed BRST symmetry for general relativity expressed in rst order formalism and gained, using path
integral methods and BRST invariane, a physial state ondition for the gravitational eld's states whih avoids the
diulties and inonsistenies raising in the Dira proedure in imposing the lassial onstraints in the quantum
theory. We want to stress how our derivation of suh physial states' ondition, both in Setion III and IV, employs
the dependene of the ation IMOD used in path integrals and of Green's funtions on the gauge xing funtionals,
illustrated for the rst time in [16℄ and developed within the Batalin - Vilkovisky method in [29℄: it is by means
of this dependene that we found that the BRST generator and the BRST invariane ondition (8) to ontain the
gauge xing funtionals. Thus, one the gauge dependent part of Q in (8) was eliminated, we were in the position
to derive the nal results (20) and (31). The ondition (31) we found diers from the usual of Ashtekar's anonial
formulation by an additional term. This additional term ontains the operator e0a, whih is usually set to zero in the
lassial theory in Ashtekar's anonial formulation by the gauge ondition (21). In our formulation the operator e0a
in general annot be set to zero, beause it's treated as a lagrangian dynamial variable of the theory, on the same
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footing of the other omponents of the tetrad. Thus the additional term we found in (31), even if aeted by operator
ordering ambiguities is, in general, not vanishing, nor an be set to zero by a suitable gauge xing as ould be done in
the lassial theory. This raises the question of the equivalene of two gauge xing proedures performed before and
after quantization: we proved that, as far the physial state ondition is onerned, they lead to substantially dierent
results. We want to stress we hoose a quantization proedure whih avoids to make any kind of expliit gauge xing
proedure: a gauge xing done before quantization an break, at least formally, the underlying gauge symmetry of the
theory, and in general it is not obvious if this symmetry is preserved after the quantization proedure. For example
in the quantum theory of the eletromagneti eld it an be partiularly useful to perform quantization in Coulomb
or temporal gauge, although the transverse ondition
~∇ · ~A = 0 or (10) are not Lorentz-invariant. In our ase, a
gauge xing proedure like the one's performed in Ashtekar's anonial formulation breaks a fundamental physial
symmetry of four-dimensional spae, suh as the loal Lorentz symmetry.
Even if our quantization proedure an seem to be inequivalent to Ashtekar's one we observe that, by a suitable hoie
of the gauge xing funtionals, there exists a formal limit in whih Ashtekar's ondition an be reprodued. If we
hoose the gauge xing funtionals suh that fα(φ;x) = 0 implies the temporal gauge ondition, and take the limit
ξ →∞, integrating over the elds hα(x) in a generi Green's funtion we obtain an integrand fator of the form
exp
[
−
iξ
2
∫
d4xfα(x;φ)fα(x;φ)
]
. (32)
Aording to this weighting fator, being ξ →∞, we see that the unique regions in the spae of elds' onguration
that give a non vanishing ontribution to a generi Green's funtion are those where fα(x;φ) = 0, i.e. those where
the temporal gauge ondition is satised. Thus, if we onsider a Green's funtion ontaining the operator e0a, the
only regions in elds' onguration spae that give a non vanishing ontribution to suh a Green's funtion are those
where e0a(x) = 0. Thus this Green's funtion vanishes identially in this limit. As far as all the ontent of the
theory is in Green's funtions, in this limit we an take the operator e0a to vanish and, aording to (31), reover the
physial states' ondition of Ashtekar's anonial's formulation. The reason for whih we are fored to take ξ →∞ to
reprodue this ondition is that in the quantum theory all of the elds' ongurations ontribute to a generi Green's
funtion when we integrate over them to alulate vauum expetation values of time-ordered produts. Thus in the
quantum theory it is not suient to take fα reproduing the temporal gauge ondition to ensure that e0a vanish
identially, beause all of the elds' ongurations, inluded those where e0a 6= 0 give ontributions, resulting in a
non vanishing Green's funtions ontaining e0a. Anyway, taking ξ → ∞ we selet only those regions where e0a = 0
and fore e0a to vanish identially.
We observe that suh a limiting proedure, even if the physial amplitudes 〈α | β〉 do not depend on the gauge xing
funtionals nor on ξ, annot be said to be equivalent to any other onguration for the gauge xing funtionals in suh
a way that one ould denitively hoose the physial state ondition given by Gauss' onstraint to hold anyway. In fat
this limiting proedure ould be reahed only asymptotially, and be mathematially ill-dened. This an be learly
seen observing that this limiting proedure implies that a generi Green's funtion ontaining e0a vanishes identially
only if we assume that the limiting operation an be exhanged with the integration over elds' onguration one, so
that one an state that the phase in (32) osillates rapidly, exepted when fα(φ;x) = 0. This assumption an learly
be proved to be valid only under some suitable regularity ondition, and in general it turns out to be a not trivial
result.
We onlude observing that a future perspetive for this work is to reprodue all the physial state onditions
following by eah of the underlying gauge symmetries of the theory employing this BRST method. In partiular,
using as gauge symmetry (1) the general oordinate transformation symmetry we expet to get a physial state
ondition orresponding to the dieomorphism onstraints [22, 23, 24, 27℄
H =
i
2(3)e
ǫ jki E
b
jE
c
kF [A]
i
bc, Ha = −E
b
iF [A]
i
ab. (33)
In other words, as we got the physial state ondition (30) implementing Lorentz invariane, if we employ dieomor-
phism invariane of the theory we expet to gain some onstraints on physial states that would be the analogous of
(33) in Ashtekar's theory like so (30) is the analogous of Ashtekar's Gauss' onstraint (22). Anyway, this proedure
would require a muh more sophistiated treatment, stemming from the fat that in this ase the integration measure
(2) is not invariant under (1) any more, and it may beome neessary to have reourse to a non trivial measure
denition whih has revealed unneessary for our present treatment, where we are onerned with the loal Lorentz
symmetry alone.
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